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METEORIC FLUX AND DENSITY FIELDS
ABOUT A FINITE ATTRACTIVE CENTER GENERATED
BY A STREAM MONOENERGETIC AND MONODIRECTIONAL AT INFINITY

SUMMARY

123869

Detailed meteoric flux and particle density field patterns generated by a
meteoric stream, monodirectional and monoenergetic at infinity, incident upon a finite
attractive center are derived and exhibited. Flux and density contours are obtained for
a series of incident speeds spanning the entire range of established meteoric stream
velocities. The development reveals the existence of five sectors about the attractive
center., In some, flux is unscattered; in others, the flux is scattered; in‘one, the flux is
both unscattered and scattered; in another, the null cone, there is no flux. All sectors
including the null cone were treated in detail. An explicit theoretical explanation of
abrupt discontinuities in flux and enhanced particulate concentrations near the earth,
both of which are observed in rocket and satellite experiments, is given,

SECTION 1. INTRODUCTION

To establish a basis for the ensuing discussion, one needs the following concepts
(defined and discussed in greater detail in [1] and [2]): viz., that about any attractive
center, an incident monoenergetic, monodirectional stream (MED) will define a surface
whose points constitute the locus of perigee for the entire family of trajectories resulting
from the physical configuration. Clearly, this surface is a boundary between a zone of
flux approaching the attractive center on one side, and a zone of flux receding from the
attractive center on the other side. In our development this surface is called the 8
surface, and we shall assume that the reader has access to [ 1] and [2], particular ym
the latter, a companion paper.

Another concept, arising in the case of the finite attractive center, is that of the
surface generated by the limiting trajectory of a given MED, That is, due to the finite
size of the attractive center, trajectories which would be bent around the center more
than a certain limiting trajectory are intercepted by the center; the limiting trajectory
is that trajectory which would be observed at infinity (i.e., as flux receding from the
center) to have experienced the greatest deflection, Trajectories which would be bent
more than the limiting trajectory (Egs. 43 through 47 [1] ) never return to infinity by
virtue of their colliding with and being absorbed by the attractive center. This limiting
trajectory, when rotated about the direction of the initial stream velocity vector at



infinity, defines a surface known as the limiting trajectory or 01im surface. Generally,'
the 6y;,,, surface has a node on the downstream axis of the pattern. Abrupt discontinuities
in flux and density will be observed upon crossing this surface.

The 6y;,, surface may be a boundary between scattered flux (¢4) in the same
hemisphere as it originated and a sector of no flux (the null '"cone' to be discussed
subsequently). The 6y;,,, surface may also be a boundary between a sector containing
¢ flux only and a sector containing both ¢g and qb's (scattered flux) originating in the
ot?ler of the two hemispheres defined by the plane containing V., and perpendicular to
the plane of a given trajectory.

As just mentioned, the field pattern formed by an MED incident upon a finite
center gives rise to a sector of no flux--a region of complete shielding from the
radiation. This sector, to be known as Sector 4, is called the null cone. It forms on
the ‘back or downstream side of the attractive centfer; its generatrix is the hyperbola of
the limiting trajectory. Its apex is the node of the 6yi,, surface. The surface of the
null cone is swept through by the generatrix rotating through the node and along a circle
on the surface of the spherical finite center; this circle is defined by the intersection of
the 6 max surface with the surface of the finite center.

SECTION II. DEFINITION OF SECTORS

Study of Figure 1 should, with the following elaboration, make all of the above
definitions clear. Figure 1 is the sector pattern for V_ =10 km/sec about the earth
and, while it does not contain all the features of such field patterns, it is felt to be the
most typical case and is easily understood.

One notes that:

A. Sector 1 (on the upstream or left side of the figure) consists entirely of
unscattered flux ¢, and is bounded by the 6 ;4 surface.

B. Sector 2 is bounded by the 8 ., surface on the upstream side and the
01im Surface on the downstream side and consists only of scattered flux ¢g originating
within the same hemisphere as it is observed.

C. Sector 3 is bounded entirely by the 6y;,,, surface and is the region to the
right, or on the downstream side, of the node in the 6}j, surface. All flux in Sector 3
is scattered, and is formally noted by ¢g + ¢L. The highest flux and particle densities
occur in Sector 3 along the axis (i.e., 6 = 7, the direction that would be assumed by
an unperturbed MED). On the axis, as in the case of the infinitesimal center {2}, these
concentrations become infinite, but in such a gentle manner that the flux or particle
density within any finite volume is finite. The flux or particle density within a finite
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volume on the axis would increase without limit as one moved farther downstream; this
arises from our unrealistic assumption of an infinitely broad MED having persisted
eternally.

D. Sector 4 is a region bounded by the 6y;,, surface, and the surface of the
finite center. It is the space enclosed on the upstream side of the 01im node. There
is no radiation within Sector 4 although, along its bounding surface in the vicinity of the
node, flux and particle densities approach infinite values.

E. Sector 5, shown in Figure 6, occurs for lower energies and/or "stronger"
centers than those of Figure 1. If one examines, in order, the flux patterns of
Figures 2, 3, 4, 5, (i.e., proceeding from higher to lower energies) and notices in
particular the flaring or bending toward upstream of the 6,;,, surface, he will see that,
in addition to an intersection of the 6y;,,, surface with the 6y ., surface along a circle
on the finite center, there occurs for energies below or center strength above a certain
value (obtained subsequently), a second intersection of these two surfaces. This second
intersection has not occurred in Figure 2; however, in Figure 5 the condition is so far
advanced as to have enclosed and squeezed Sector 2 down into an almost unrecognizable,
extremely small generalized toroid centered above the 6);,, node. Furthermore the
new sector (Sector 5), also a generalized toroid and centered along the circle defined by
the second intersection, has appeared. Sector 5 extends to infinity and contains both
unscattered flux ¢ and scattered flux ¢§ ; the unscattered flux is proceeding downstream
while the scattered flux is directed upstream. Figure 6, an expansion of Figure 5 with
contours absent, should make the preceding discussion quite clear.

SECTION OI. DERIVATION OF 6y 1,44 AND 6y;,,, SURFACE GENERATRICES

The 0}, 45 surface is derived in [ 2], page 6. Its equation (p. 27 of [1]) is

_ -1 _ -1
"k max = arc cos <-‘——'—m> = arc cos <1 " yr>, (1)

a = the impact parameter for an orbit whose perigee is r
V_, = the particle speed at infinity
r = the perigee distance from the center

M = the mass of the attractive center
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v = the gravitational constant

The generatrix for the 01im surface or the limiting trajectory is obtained
directly (Eq. 66, [1]) from the orbit equation

yal

r=
1 +4/1+y* a® cos (0 - 6))

where all quantities are as just defined, with the exception that r, 6 now vary along
the trajectory characterized by impact parameter a, If 0 is to be 6y;,,, that is, the
orbit equation is to become the polar equation for the limiting trajectory, then the
impact parameter a must be a, ., the maximum value of the impact parameter such
that the associated trajectory is intercepted by, or grazes, the finite attractive center.
For this case, the distance from the center to the point of closest approach is r
(taken to be 6. 53 x 10® meters including 1. 28 x 10° meters of atmosphere). Thus, on
the surface 0y 4« is given by

’ (2)

0 = arc cos -1 = arc cos A (3)
k - - ’
max m‘—————li*’yza&ax 1+yrp

where

2
2 a2
alax = Ta (1 + yrA>. (4)

Making these substitutions and solving for 8 = 6;,, here, from the orbit
equation, 2,

2
a -Tr
y max

-1
Blim: arc cos + arc cos <
2 .2 2,2
T\ 1+Y agax V1Y anax

which is simply the polar equation of the limiting trajectory.

(5)

The second intersection of the 0} 4, and 8y, surfaces occurs for a given y
and ay, 5 when 0y o = 0. The preceding development suggests we seek that value
of r AY such that the second intersection occurs at infinity. Explicitly we demand

lim elim

r—o

Ir—

Now, from Equation 1,

3
lim 6 = arc cos (-0) =-2lr'

r-»o K Max

10




" where the 7/2 possibility must be rejected, it being clear that r can approach infinity
along the trajectory only in the fourth (lower right) quadrant.

From Equation 5,

lim 01y = 2 0 ymax (on the surface of the center)

r——-DOO
-1 (6)

= 2 arc Ccos
1+yI‘A

Therefore, we wish to solve for yr

Al
37 -1
—:2— = 2 arc cos—i—:—x"—
YTA
or (7)
cos—gj—rz nt S -1
and 2
[v0)
yrA=W—1=WrA (8)

a general condition relating the speed at infinity, the gravitational constant, and the mass
and size of the finite center, for the situation where the 0y 1, and 615y, surfaces
possess a second intersection at infinity.

I yr A< 0. 414 the second intersection occurs at some finite r and 6, specified
by Equations 1 and 5 once either yor r A is given; that is, its location depends upon y
and r,, as well as their product. )

For the earth, r A 6. 53 x 10°% meters and, therefore, the value of y for which
a second intersection occurs at infinity, is

.414 _
=——r——=6.34x10"8m 1

A
and (9)

V=504 km/sec.

11



SECTION 1V, DIMENSIONS AND VOLUME OF THE NULL CONE

Any MED possessing nonvanishing kinetic energy at infinity, will always generate
a 01im surface, and a node, hence, always generates a null cone.!

The null cone is a volume enclosed by portions of the surface of a skewed
hyperboloid of revolution, that is, the axis of rotation for the hyperbola is not the
symmetry axis (specified by 6 = 6k), but it is the line through the center and parallel
to the velocity vector of the MED at infinity. Its base is that portion of the surface of
the finite attractive center intercepted by the 0y;,, surface.

Straightforward but tedious integration shows the volume of the null cone to be

ray (rpy +4)
+

4 (rAy+1)

V = (10)
3(rAy+2) 1 §(rAy+2)

- -~ In (1+1r,y)
2 2 AY
4(r,y+1)r,y 4 riy

3
g(rAY"'z) -

where the first factor is the volume of the attractive center, and y of the second factor,

Ve
T

The length £ of the null cone, or the distance from the center to the node can be
shown to be

l———rA+ 5 (11)

or in terms of ra

i yr
Lo A (12)
I‘A 2
The height of the null cone above the surface (or atmosphere) is clearly
2 2 72
hotop AT TA Ve (13)
A 2 2yM

. The case of V. = 0 is not included in this discussion; there would be neither a locus

of perigee surface or a surface of limiting trajectories, but there would be a null cone.

12




or, in terms of rA

2
_rAVOO

b
rA 2vM

(14)

Obviously, the extent of the null or shielded cone above the surface of the center
varies directly as the kinetic energy of the particles of the MED. Figures 7 and 8 show
the relative volumes and heights of null cones formed about an earth-size attractive
center for the established spectrum of meteoric speeds.

SECTION V, RESULTS AND CONCLUSIONS

Figures 1 through 6 display the detailed flux field patterns resulting when a
monodirectional, monoenergetic meteoric stream is incident upon a finite attractive
center., Of particular physical interest are the abrupt discontinuities which occur along
the Olim surface; these are most prominent in Figures 4 and 5, but not so obvious in
Figures 1, 2, and 3 due to the Gli m surface being of breadth less than the earth out of
distances shown in these plots. In Figures 4 and 5, it can also be observed that the
closer one is to the attractive center, the greater the discontinuities observed upon
crossing the elim surface, say upon a circular path (satellite orbit) concentric with
the center. Such discontinuities are observed [3-7] and the foregoing analysis provides
an explanation in the case of unbound particles relative to the earth.

An alternative or conjunctive explanation of abrupt variations in particulate
fluxes is that the streams are essentially sporadic in time. Very likely, "clouds' of
meteoric or cosmic dust do exist. However, sporadicity alone may be quite an
insufficient explanation, in that observed concentrations near the earth may be in excess
of those expected in remote space. The theory given here predicts concentrations of
flux near attractive centers that are orders of magnitude greater than the fluxes at
remote distances.

Although flux is more meaningful than density in most physical discussions and
certainty is the more basic quantity in considerations of meteoric shielding, we have
also presented plots of particle density contours for the same V_ values used to obtain
the flux contour plots of Figures 2 through 5. The associated particle density contours,
normalized to unit flux at infinity, are exhibited in Figures 9 through 12,

Density is not nearly as significant as flux in phenomena involving high speed
particles; and, indeed, if meteoric hazards due to hypervelocity particles were evaluated
on the basis of density data alone, the results could be quite misleading. This deception
arises from the fact that first, the more interesting physical effects (i.e., impact
phenomena) are strongly velocity or flux dependent and, secondly, the density is obtained

13
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by dividing the flux by the particle's speed. Thus, a significant flux can appear to be an '
insignificant density.

Some authors, in considering the question of gravitational focusing by attractive
centers, have examined only the density, and, finding but a small averaged enhancement,
have concluded this effect to be of little importance.! Fundamentally the confusion arises
because the attractive center, in addition to deflecting the trajectories of the incident
particles, also causes their speeds to increase as the center is approached; thus, the
increase in flux near an attractive center is of necessity always greater than the
corresponding increase in density.

- However, even the density is greatly enhanced if one examines the pattern in detail

along the downstream axis, i.e., on the axis behind the center and beyond the null cone.

20
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